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Abstract. For q = 3 mod 4, we show that there are quadratic twists 
of supersingular elliptic curves with an arbitrarily large set of separable 
oo— integral points over W q (t). We also show that the same holds true 
if we consider cubic twists of y 2 = x 3 + 1 in the supersingular case, i.e, 
q = 2 mod 3. 

These examples allow us to show that the conjecture of Lang-Vojta 
concerning the behavior of integral points in varieties of log-general type 
cannot be readily transported to the function field case. Also for q = 2 
mod 3 and q = 3 mod 4 they provide examples of elliptic curves over 
F g (t) with an explicit set of linearly independent points with an arbi- 
trarily large size. Finally, we will use them to construct quadratic and 
cubic function fields with arbitrarily large m-class rank, for m dividing 
q + 1. 
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1. Introduction 

1.1. Uniformity of Integral Points. Throughout this section we will let 
K be a number field and let Ok,s be the ring of 5-integers, where S is a 
finite set of places of K containing the archimedian places. 

A famous finitude result in Arithmetic geometry is the following theorem 
from 1928: 

Theorem 1.1 (Siegel). Suppose E : y 2 = x 3 + ax + b is an elliptic curve, 
a,b £ Os- Then the set of S -integral points of E is finite. 

Inspired by the work of L. Caporaso, J. Harry and B. Mazur [CHM97], D. 
Abramovich [Abr97] asked if there could exist a universal constant that could 
bound the number of S'-integral points of an elliptic curve E, independent 
of the elliptic curve. As he pointed out, this cannot be a true statement: 
pick any elliptic curve with an arbitrary number of rational points, make a 
change of coordinates that will "clean denominators" of the rational points 
and obtain an arbitrary number of S-integral points. By doing so, you are 
changing the integral model, and it is natural to ask whether some kind of 
uniformity on the number of integral point is true if we restrict the model 
in some way. In [Abr97], D. Abramovich proves that, under the assumption 
of a conjecture of Lang and Vojta, the following uniformity result holds: 

Theorem 1.2 (Uniformity of S-integral points on quadratic twists). Let 

y 2 = x 3 + Ax + B be an elliptic curve where A and B are S-integers in a 
number field K . Suppose the Lang-Vojta conjecture is true over K . Then for 
any square-free S -integer d, the number of S -integral points in the quadratic 
twist dy 2 = x 3 + Ax + B can be bounded independently of d. 

The Lang-Vojta conjecture is a generalization of Siegel's theorem for va- 
rieties of dimension greater than 1 and, if true, it imposes some restriction 
on the set of integral points on varieties of "complicated geometry". More 
precisely, let X be a variety of log-general type (see Section [3] for a defini- 
tion) defined over a number field K and let X be any model of X over Ok,s, 
then: 

Conjecture 1.3 (Lang-Vojta). The set X{Ok,s) of S -integral points is not 
Zariski dense in X . 

In this paper we will show that a statement analogous to Theorem 11.21 
holds if one replace a number field K by ¥ q (t) and S'-integral points by points 
with coordinates in ¥ q [t]. Ultimately, see Section [1.31 we will construct an 
example to prove that uniformity of integral points on twists of elliptic 
curves cannot hold. This contradiction lead us to conclude that one needs 
to be careful when considering the Lang-Vojta conjecture for function fields. 
But before doing so, we need to address some subtleties that are intrinsic 
to function fields of positive characteristic. This will be done in the next 
subsection. 
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1.2. The case of function fields. Let us start with a definition: 

Definition 1.4. Let E be an elliptic curve denned over ¥ q {t) by a Weier- 
strass equation y 2 + aixy + a%y = x 3 + a2X 2 + a^x + clq. We will say that a 
point (F(t),G(t)) in £(F g (i)) is an oo-integral point of E if F = and 
G = G(t) are polynomials over F g . 

In this situation a literal translation of Siegel's theorem does not hold: it is 
no longer true that for each d 6 ¥ g [t] the elliptic curve £^ : <iy 2 = f(x) has a 
finite set of oo-integral points, with f(x) a cubic polynomial over ¥ q . Indeed, 

i q'-l i 

if (x, y) is a point in Ed with x, y € F g [t] then {(x 9 , d 2 y 9 ) : i G N} is an 
infinite set of points in Ed such that the coordinates are polynomials over ¥ q . 
As we will show below, this is the set of orbits of an endomorphism of Ed of 
infinite order. Such an endomorphism is not inherent to the elliptic curves 
Ed - we will show that any isotrivial elliptic curve over ¥ q (C), the function 
field of a curve C/¥ q , also posses an endomorphism of infinite order. 

Definition 1.5. An elliptic curve E defined over ¥ q (C) is isotrivial, if it is 
isomorphic to an elliptic curve E\ defined over ¥ q after some finite extension 
ofF,(C). 

Let E\/¥ q and (j) : E — > E\ be an elliptic curve and an isomorphism 
given by the isotriviality of E. The elliptic curve E\ possess the Frobenius 
endomorphism F defined by: 

(x,y)^(xW). 

This endomorphism will induce an endomorphism tfi^ 1 o F o (p : E — ► E 
which we will also denote by F and call it the Frobenius endomorphism of 
E. The set {F l (P) : i <G N} will be called the Frobenius orbit of the point 
P £ E. It is not hard to see that this is always an infinite set. 

In the particular case that E = Ed and E\ : y 2 = /(x), we have the 
isomorphism cp(x,y) = (x,yd}l 2 ) defined over ¥ q (s,t) with s 2 = d(t). The 
Frobenius endomorphism of Ed is F(x,y) = (x q , y q d 3 ^~) and the set 

(1.1) {(x qi , d 3 ^ y qi ) : i G N} 

is indeed the orbit set of an endomorphism. 

We should also notice that if P is an oo-integral point in an isotrivial 
elliptic curve E, then F(P) does not need to be a point with polynomial 
coordinates. In fact, let d G ¥ q [t] and consider the elliptic curve E' d : y 2 = 
x 3 + d. Then <p(x,y) = (xd -1 / 3 , yd" 1 / 2 ) is an isomorphism between E' d 
and y 2 = x 3 + 1. The Frobenius endomorphism is then given by F(x,y) = 

(x q d^,y q d^). 

Therefore the Frobenius orbit of an oo-integral point may or may not con- 
tain an infinite number of oo-integral points. In any case, one can always 
salvage Siegel's theorem by considering Frobenius orbits instead of just in- 
tegral points; that is, in any isotrivial elliptic curve the number of Frobenius 
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orbits of an oo-integral point is finite. This can be made more precise by 
the following definition: 

Definition 1.6. A non-constant point P in an isotrivial elliptic curve E/¥ q {C) 
is said to be separable if it is not contained in the Frobenius orbit of any 
other point of E. 

Remark 1.7. Let d, f £ ^q[t]- Suppose P = (xo,yo) is a point in the 
quadratic twist dy 2 = f(x). Then P is separable if, and only if, x' ^ (the 
prime will generally denote the formal derivative of an element in ¥ q (t)). 

Theorem 1.8. (Isotrivial Siegel's Theorem) For any isotrivial elliptic curve, 
the set of separable oo-integral points is finite. 

Proof. See for instance section 7.3 of [Mas84], or Lemma [2.15l for the special 
case of quadratic twists. □ 

In this setting, the Lang-Vojta conjecture should read: 

Conjecture 1.9 (Lang-Vojta Conjecture over ¥ q (t)). Let X be a variety of 
log-general type defined over¥ q (t) and X be any model of X over¥ q [t]. The 
set of separable oo-integral points in X is not Zariski dense. 

This conjecture also provides some sort of uniformity statement over func- 
tion fields: 

Theorem 1.10 (Uniformity of separable oo-integral points on quadratic 
twists). Let y 2 = x 3 + Ax + B be an elliptic curve where A and B are in 
¥ q [t]. Suppose the Lang-Vojta conjecture is true over¥ q (t). Then for any 
square-free d S ¥ q [t], the number of separable oo-integral points on the twists 
dy 2 = x 3 + Ax + B can be bounded independently of d. 

and 

Theorem 1.11 (Uniformity of separable oo-integral points on cubic twists). 
Let d be a cube-free polynomial over ¥ q and let X d denote the fiber over d 
of the surface X defined by dx 3 = y 2 — y. If the Lang-Vojta' s conjecture 
is true over function fields, then there exists a positive number N such that 
\X d (¥ q [t})\ < N for d € ¥ q [t]\D, where D is a finite set and X d (¥ q [t}) 
denotes the set of separable oo-integral points of X d . 

Both theorems will be proved in Section [3l 

1.3. Main Results. As hinted in the previous section, we can find examples 
of quadratic and cubic twists of elliptic curves containing an arbitrarily large 
set of separable oo-integral points. It will be proved in Section [2] that: 

Theorem 1.12 (Main Theorem). Let q = 3 mod 4. Then for every odd 
divisor k of n, there exists a separable oo-integral point € E tq n _ t {¥ q (t)) 
on the curve E tq n_ t : {t qn — i)y 2 = x 3 — x. The same is true for the elliptic 
curve y 2 — y = {t qU — t)x 3 , when q = 2 mod 3. 
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An immediate consequence of Theorems I1.10[ 11.111 and this result is: 

Corollary 1.13. The Lang-Vojta conjecture over¥ q (t) does not hold when- 
ever q = 3 mod 4 or q = 2 mod 3 . 

The twists (t q - t) 

y2 _ x 3 _ x considered in Theorem 11.121 are of a 
very special kind: up to isomorphism over ¥ q n, they are the only twists 
of constant elliptic curves by t ql% — t that can contain separable oo-integral 
points of "small" height. This will be proved in Section [2.31 

Theorem 1.14. Let f(x) be a polynomial defined over ¥ q n. The elliptic 
curve (t qn — t)y 2 = f{x) has an oo-integral point (F(t),G(t)) defined over 
F g n satisfying F'(t) ^ and 2 degF(t) < q n — 1 if and only if p = 3 mod 4 
and y 2 = f(x) is isomorphic over ¥ q n to ay 2 = x 3 — x, for some a S ¥ q n. 

The rest of the paper is dedicated to prove two other consequences of 
our main theorem: one related to the rank of elliptic curves and the other 
related to the m-class rank of quadratic and cubic function fields. We will 
prove that both numbers can be arbitrarily large. 

For the rank of elliptic curves over function fields, this has been known 
since the late 60's, when Shafarevic and Tate [TS67] proved that there 
are quadratic twists of supersingular elliptic curves with arbitrarily high 
rank over ¥ p (t), with p > 2. This result served as an evidence that the 
same should hold over number fields. Their construction had one drawback 
though: it relied on isotrivial elliptic curves, a notion that seems not to exist 
in the number field case. 

For ordinary and non-isotrivial elliptic curves only recently we have seen 
some breakthroughs: In 2002 Ulmer [Ulm02] proved the existence of non- 
isotrivial elliptic curves with arbitrarily large rank over ¥ p (t), for any prime 
p. And in 2006, Diem & Scholten [DS07] proved the unboundedness of the 
rank over ¥ p (x) for ordinary elliptic curve with constant j-invariant. 

The examples constructed in Theorem 11.121 can be used to reprove the 
results of [TS67]: the considered elliptic curves are supersingular isotrivial 
elliptic curves with arbitrarily large rank over function fields. One advantage 
of our method over theirs is that we explicitly produce a large set of linearly 
independent points. This advantage still holds when we compare our method 
with the previous methods [TS67], [Elk94], [Ulm02], [BDS04], [DS07]: they 
do not provide explicitly the generators for the Mordell-Weil group or even 
a large set of linearly independent pointsQ This will be proven in Section 
21 where we prove that the points obtained in Theorem 11.121 are linearly 
independent. 

Now let us consider the m-class rank of function fields. Recall that a 
global field K is a finite extension of either ¥ q (t) or Q. Denote by Ok the 
integral closure of Z or ¥ q [t] in the extension K/k, k = Q or k = ¥ q (t), 

^Recently, on a personal communication D. Ulmer provided me with an example of a 
non-isotrivial elliptic curves with an explicit and arbitrarily large set of linearly indepen- 
dent points. His construction is based on the method developed by L. Berger [Ber08]. 
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respectively. To this Dedekind ring, we can associate a finite abelian group, 
the ideal class group C\(Ok)- The cardinality of this group is called the 
class number of K, while the number of independent elements of order m 
in G\{Ok) is said to be the m-class rank of K. 

A lot has been written about the class number and the m-class number 
of a quadratic extension of a global field, and their history dates back to 
Gauss, as should be no surprise. One can prove that given a natural number 
n, there are a finite number of imaginary quadratic number fields K with 
class number n; and that this number grows as the absolute value of the dis- 
criminant K grows; see [Gol85] for more on the rich history and bibliography 
of this classic problem. 

On the m-rank side, Peng [Pen03] shows that 2-class rank of quadratic 
extension of global fields can be arbitrarily large. For an odd m > 1 very 
little is known about the m-class rank, and recently Siman Wong considered 
the question of whether there are quadratic function fields K/¥ q (t) with 
arbitrarily large m-class rank. Our examples provide a positive answer to 
such question for m a divisor of q + 1. In fact, in Section [5] we manage to 
prove a little bit more: 

Theorem 1.15. Let m be a positive integer divisor of q + 1. When q = 3 
mod 4, the function field of the hyperelliptic curve s 2 = t q —t has arbitrarily 
large m-class rank. When q = 2 mod 3 ; the function field of the curve 
s 3 = t q — t has arbitrarily large m-class rank. 

2. Twists with a large set of integral points 

Recall that our objective is to construct quadratic twists of elliptic curves 
containing an arbitrary number of oo-integral points. In the case of ratio- 
nal points on elliptic curves, the maximal number of linearly independent 
points is conjecturally linked to a well-known analytic function. This an- 
alytic function has been used several times to prove the unboundedness of 
the rank over function field. Unlike this case, the only way to obtain a large 
set of integral points is by exhibiting them explicitly. This is what we will 
be doing next. 

To obtain a single point, we will use a procedure due to T. Shioda to 
construct a dominant rational map from a Fermat surface to the associated 
elliptic surface. This construction has been used by Ulmer [Ulm02, Ulm07] 
to show that the BSD conjecture holds for the Jacobian variety of some 
curves and also by Shioda [Shi91] to construct lattices with dense sphere 
packing in certain dimensions. 

2.1. Obtaining multisections on Elliptic surfaces. We will consider 
surfaces over an arbitrary field k defined by four monomials 

3 

(2.1) X A = X A (c ,c 1 ,c 2 ,c 3 ) : Y, c i x T x T x T x T = 

8=0 
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where A = (dij)o<i,j<3 is a 4 x 4 matrix with integral coefficients. Following 
Shioda [Shi86] we will call Xa a Delsarte surface with matrix A, when it 
satisfies 

• Xa is irreducible; 

• det A / in k; 

Notice that the surface defined by 

C Uq + C\u\ + C 2 llj + C3U3 = 

is a Delsarte surface with matrix where I4 is the identity matrix of 
dimension 4. In this case we will denote Xdi A simply by Xd and we will refer 
to it as a Fermat surface of degree d. 

For a general Delsarte surface Xa = Xa(co, c\,c 2 , C3), A~ l is a 4x4 matrix 
with rational entries. If Xq = Xc(co, c±, c 2 , C3) is another Delsarte surface 
then there exists a smallest integer d such that B = dA~ l C = )o<i,j<3 
has integer entries. This easily implies the existence of a dominant rational 
map (f) : Xdc — ► Xa defined by 

(3333 
n "'r ' n ^ > n u f j > n u f 
3=0 3=0 3=0 3=0 

In particular, for any Delsarte surface Xa, there exists an integer d, and a 
rational dominant map Xd — ► Xa from a Fermat surface of degree d. 

Definition 2.1. Let £ be a smooth projective algebraic surface defined over 
a field k. An elliptic fibration is a fc-morphism 7r : £ — ► C onto a smooth 
projective irreducible curve C/k with generic fiber a smooth curve E of 
genus 1. Additionally, we require that the fibration n contains at least one 
section, that is, a fc-rational map O : C — ► £ such that ir o O : C — ► C is 
the identity map. A multisection M of an elliptic fibration 7r : £ — ► C is 
an irreducible subvariety M C £ such that the projection map ir : A4 — ► C 
has non-zero degree. 

Now let us show how the described rational map can sometimes be used 
to construct non-constant sections on a Delsarte surface with an elliptic 
fibration over P 1 . For simplicity, let us assume that char(/c) 7^ 2,3. 

Example 2.2. Let £ t d_ t : (t d — t)y 2 z = x 3 — xz 2 , with d a positive integer. 
This is a Delsarte Surface whose associated matrix A is given by 



f 


2 


1 


d\ 





2 


1 


1 


3 











V 1 





2 





The procedure laid out before returns the following rational map 

(Xo,X 1 ,X 2 ,X s ) 1 — 



d-l d-1 3(d-l) 

v yd— 1 v" 2 . yd y 2 . V V 2 
^vq^2 3 ' 12 ' ^0^3 
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from the Fermat surface ^(d-i) : X^- d ^ — X^ d ^ = X^ d ^ — X^ d ^ 
to £ t d_ t . The image through this map of the line (t, l,t, 1) contained in 



^2(d-i) is the multisection {[t d 1 : i^ 3 : l],t 2 ). If d = 3 mod 4, then the 



substitution u = t will yield the section ([« 2 

Example 2.3. Let £ 3jt d_ t be the surface y 2 z 
case, we obtain the rational map 



d-1 d-3 

: u 4 



(a , Xi,X 2 , a 3 ) 1 — 

from the Fermat surface 



vd—l \rd— 1 \rd 

A Q A 1 A 3 



X 3(d-l) X2 



:!],«)■ 
= (t d - t)x 3 . 

xf d ~ 1) x 2 



In this 



xl 



x 2(d-l) _ x 2(d-l) 



X. 



2(d-l) 



X 



2(d-l) 



2(d-l) • ^0 _ vv 2 ~ ^ v 3 

to £ 3t d_ t . The obvious rational curves on J- 2 (d-i) are (1, 1, t, t), (t, i, 1,1), 
(t, 1) and (l,t, l,t). Under this rational map, the first two lines do 
not yield any multisection on S 3t d_ t , while the lines (t, 1, t, 1) and (1, t, 1, t) 
produce the same multisection (\t d ~ 2 : t 3 ^ -1 ) : l],i 3 ). When d = 2 mod 3, 
the substitution u = t 3 transforms this multisection into the section ([u~ : 



u 



d-i . 



:!],«). 



Example 2.4. Let (i and s be positive even integers. Consider the Delsarte 



surface X D (1, 1, -1, -1) : X$ + X 



X d 



D 



1 

/ s 

s 

d 

\ 



At 

o\ 






where 



Then there exists a rational map Xqd(1, 1, —1, — 1) 
(Xo,Xi,X 2 ,X 3 ) 1 — 



xl"x$ 



X% s : X 



3d 



^3,t d +l 

xl 

'Xf 



where £3,(9+1 is the Delsarte elliptic surface defined by y 2 z = — x 3 +(t d +l)z 3 . 

Suppose r = d/s is an integer. The image of the curve (t r , 1, l,t) C Ag£> 
under this rational map is the multisection ([1 : t 3d : l],i 6 ]) C £3^+1 and 

the substitution u = t 6 produces the section ([1 : ui : 1], u). Another trivial 
rational curve on Xqd is (l,t r ,t, 1) and associated to it is the multisection 
{[t 2d : 1 : 1], t 6 ) of £ 3: t d +i which can be made into the section ([us : 1 : 1], u), 
if d = mod 3. The other two trivial rational curves on Xqd are (t r , 1, 1, t) 
and (l,F,t, 1), but they do not yield any new section. 

Example 2.5. Let d, s and D be as in the previous example. Let £4^+1 
be the Delsarte elliptic surface y 2 z = — x 3 + (t d + l)xz 2 . The map 



(A , Ai, A 2 , A 3 ) 



A 1 A 3 • A A 1 • A 3 
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is a rational map from X 2 d '■ X$ s + X 2s — X\ d — X 2d = to £4^+1- Once 
more, if r = d/s is an integer, then (t r ,l,t, 1), (l,t r ,t, 1), (t r ,l,l,t) and 
(t r ,l,l,t) are curves on a^d- As before, from these curves we obtain the 
multisections ([1 : t d : 1], t 2 ) and ([t d : 1 2 : 1], t 2 ). The first multisection gives 
the section ([1 : tz : l],t), and if d = mod 4, we obtain the section([i2 : 
: l],t) from the second. 

Example 2.6. For the elliptic surface zy 2 = x 3 + — t)xz 2 , where d is 
an odd positive integer, this procedure generates the rational map from the 
Fermat surface X^ - X^ = X^ - X^ l) 

(X ,Xi,X 2 ,X 3 ) — (\xl^X 2 Xf : X^X^X 3 : xf] , ||) 

and the multisections ([t 2 : t 2d+1 : l],t 4 ) and ([( 2 ( d -i)t M : ^(d-i) t d+2 . 
l],t 4 ), where ( 4 ( d ~ 1 ) = -1. In this case, we cannot associate a section to 
this multisection as we did before, since the odd numbers 2d + 1 and d + 2 
are never divisible by 4. 

Example 2.7. The Delsarte elliptic surface (t d — t)y 2 = x 3 — 1 is simi- 
lar to the previous example in the sense that the multisections ([t 2 ^ 1 ^ : 
t~ 3 : l],i 6 ) and ([i" 2 ^" 1 ) : f-3(d-i) t -3 t -3(d-i) . ^(d-i) = _ x> do 

not produces any section. Notice also that this is the first case where the 
multisection is given by a rational function instead of a polynomial. For the 
convenience of the reader, let us record the rational map from the Fermat 
surface X^ - X^ d ~ l) = X 6 ^ - X^ 



(Y Y Y Y \ , , / v3y2(£l-l) . v 3d . F 3y3(?-1) 

{^■0, Ai, A 2 , A3J 1 >( A A 2 A 3 . A x • A A 3 



xf 



Since all our theorems are stated in terms of the generic fiber of the 
elliptic fibration, it will be convenient to rewrite these examples in a more 
curve-theoretical way. 

d-l d-3 

• Example 12.21 When d = 3 mod 4, (t 2 ,t * ) is a oo-integral point 
on the elliptic curve E t d_ t : (t d — t)y 2 = x 3 — x 

• Example 12.31 If d = 2 mod 3, then the elliptic curve E 3 t d_ t : y 2 — 

y = (t d — t)x 3 has at least the point (t _ 3 _ ,t rf_1 ) with polynomial 
coordinates. 

• Example 12.41 When d is even, (— l,f d / 2 ) and (t d ' 3 , 1) are oo-integral 
points on the elliptic curve y 2 = x 3 + (t + 1), the latter only when 
d = mod 3. 

• Example 12.51 (— i d//2 ,i d//4 ) belongs to the elliptic curve y 2 = x 3 — 

+ whenever d = mod 4. 

These are the curves we will show to have arbitrarily many separable oo- 
integral points in distinct Frobenius orbits over ¥ q (t). We achieve this in 
two different ways: for elliptic curves twisted by t q — t, we will use the fact 
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that additive polynomials defined over ¥ q form a ring under composition 
isomorphic to ¥ q [t]. The elliptic curves twisted by t q+1 + 1 are covered by 
the Hermitian Fermat surface, which possesses a large automorphism group 
PU(4,q), the projective unitary group of dimension four. 

Remark 2.8. Multisections in a fibered surface S — ► C becomes sections 
of S®cC — ► C after a suitable finite base extension C' — > C. In the case 
of an elliptic fibered surface £ — ► C, one could try to obtain sections from 
multisections by using the following procedure: If E/k(C) is the generic 
fiber of £ — ► C, then E/k(C) will be the generic fiber of £ ® c C — ► C . 
The group E(k(C')) is isomorphic to the group of sections £(C). Therefore 
for any multisection off — * C, or equivalently, for any point P € E(k(C')), 
the trace YlaeGal<k<C')/k(C) P a produces a section of £ — ► C. In the above 
examples, the trace of the multisection does not yield any new information: 
a multisection will either be traced down to the zero section or to an integer 
multiple of the original section. 

Remark 2.9. In Examples 12.21 - 1 2.71 the generic fiber of the elliptic sur- 
face is a constant elliptic curve of ^-invariant equals to or 1728 twisted 
by a polynomial with two monomials. These should explain our choice of 
notation: £3 t?_t is a cubic twist by the polynomial t d — t. These examples 
essentially represent all the isotrivial elliptic curves defined over k{t) that 
can be written with just four monomials. Indeed, if E is an isotrivial elliptic 
curve with j-invariant different from and 1728, and char(fc) ^ 2, 3, then 
necessarily E is a quadratic twist of a constant elliptic curve by a rational 
function, so it can be written as A(t)y 2 = x 3 + ax + 6, where a, b G A;\{0} 
and A(t) is a squarefree polynomial. In order for the later to be written 
with just four monomials, it would be necessary that A(t) = t. For us this 
is not an interesting case, since this elliptic curve has rank over k(t). 

2.2. Proof of the Main Theorem. From now on p will denote a rational 
prime and q = p l , for some natural number /. 

Definition 2.10. An (¥ q -) additive polynomial A(t) is a polynomial in ¥ q [t] 
of the form 

n 

A(t)=J2^ qi - 

8=0 

We will denote the set of all F g -additive polynomials by F 9 [F]. 

The reason to denote the set of additive polynomials by F 9 [F] is that an 
additive polynomial can be seen as an F 9 -polynomial in the indeterminate 
F, the g-Frobenius map t i — > f. Indeed, start by defining F°(i) = t. We 
have that the i-th. self composition of F is the polynomial F i (t) = t ql , and so 
an additive polynomial A(t) is the same as a linear combination of powers 

n 

of Frobenius, Aq(F) = a^F*. Let us recall some trivial facts about rings 

i=0 

of prime characteristic p and the Frobenius map. 
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Lemma 2.11. Let a, (3 £F g and i,j be nonnegative integers. Then 

(1) F*(aFJ) = aF i+ i 

(2) Let R be a commutative ring of characteristic p. Then for any x,y £ 
R, we have F\x + y) = F*(x) + F*(y). 

Proof. This follows easily from the identity (x + y) p = x p + y p , true in any 
commutative ring of characteristic p. □ 

Corollary 2.12. Let A(t),B(t) G ¥ q [F] and a £ ¥ q . Then: 

(1) A(t) + B(t)e¥ q [F\; 

(2) «A(t) €F,[F]; 

(3) A(B(t))G¥ q [F}. 

Furthermore, ¥ q [F] can be endowed with a ring structure with multiplica- 
tion defined by A(t) o B(t) := A{B(t)) and the association 



n n 



P(i) = J>f ^P(F) = J>F* 

i=0 i=0 
is an isomorphism between ¥ q [t] and ¥ q [F] . 

Proof. (1) and (2) are trivial. To prove (3), write 

n m 

A(t) = J2 a i F ' 1 = M F ) an d B(t) = ^bjF j = B {F) 

1=0 j=0 

Hence, by the previous lemma 

n I m \ n I m 

A(B{t)) = J>F* Y^bj-Fi \ = J2aA J>%F^ 

i=0 \i=0 / i=0 \j=0 

n I m \ n m 

= £ * £ = £ £ e W 

j=o y jr=o y i=o j=o 

Thus (3) is proved. Associativity is inherited from ¥ q [t] and the distribution 
laws follows from the previous lemma. So ¥ q [F] is a ring. Notice that this 
equation also proves that ^4o(F) o Bq(F) = (AqBq)(F), and so the map 
P(t) i — > P(F) is multiplicative. Hence it is an isomorphism, since it is 
clearly an additive bijective map. □ 

We are ready to prove one of our main results: 

Theorem 2.13. Let q = 3 mod 4 and hi, i = l,...,n, be distinct odd 
numbers. Suppose A(t) = ^4o(F) is an ¥ q -additive polynomial such that for 
alii, t kl — l divides Ao(t) . Then the curve A(t)y 2 = x 3 — x contains at least n 
separable co-integral. The same is true for the elliptic curve y 2 — y = A(t)x s , 
when q = 2 mod 3. 
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Proof. Under these assumptions we may conclude that q ki = 3 mod 4. 
Therefore we may use Example 12.21 with d = q ki to obtain a point on the 

twist (u 9 1 — u)y = x — x, namely Pj = (u 2 , u 4 ). 

By assumption for each 1 < i < n, there exists a polynomial Bi(t) E 
such that -Ao(*) = (* fe< — 1)-Bi(*)> an d, by Corollary 12.121 this implies the 
identity: 

(2.2) A(t) = B i (Fy ki -Bi(F). 

Then if we make the substitution u = Bi(F), we obtain a point Qi = 

k ■ k ■ 

(BiiF) 1 -^ 1 ^^) 1 ^) on the twist 

(Bi(F) qki — Bi(F))y 2 = x 3 — x 

which is the same as 

A(t)y 2 = x 3 - x. 

The degree of the first coordinate of Qi is q ~~| — -, so that Qi and Qj 

q k i —1 

are distinct points for different indices Also the derivative of Bi(F) 2 
is clearly different from zero, so we can conclude that these points are in 
distinct Frobenius orbits. 

The second part is proved in the same way. The hypothesis and Example 
12.31 give us the polynomial point (u~ ,u d ^ 1 ) on the elliptic curve y 2 — y = 
(u q — u)x 3 . Using Equation 12.21 and the substitution u = Bi(F), we obtain 

the oo-integral point Si = (Bi(F) 3 1 Bi(F) q ) on the curve y — y = 
A{t)x 3 . Observe that for distinct values of i, one would obtain polynomials 
with different degrees; for instance, the degree of the second coordinate of 
Si is q n - q n ~ ki . 

The Frobenius orbit of a rational point (x, y) in y 2 — y = A(t)x 3 is 

{(A(t) ~x q ,!/'):!£ N}. So that if (xo,yo) is another point satis- 
fying y' ^ 0, then it will be in a distinct Frobenius orbit than (x,y). The 
last statement is true for all S{. □ 

Our Main Theorem is now an easy consequence of this result. 
Proof of Main Theorem. The F^-additive polynomial A(t) = t q — t can be 
written as Aq(F), where Ao(i) = t n — 1. It is well known that t k — 1 divides 
Ao(t) if and only if k divides n. Therefore, in the previous theorem we can 
take ki to be the odd divisors of n. 

In this particular case, Bi(F) is given by the trace polynomial from q n to 
q k : 

mt) = Y,t qk \ 

i=0 

□ 
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Remark 2.14. Denote by T 0( ^(re) the number of odd divisors of n. Observe 
that the polynomial TJ} gives rise to an ¥ k -linear function T£ : ¥ q n — >• ¥ q n 
which happens to be the trace from ¥ q n to ¥ q k. Hence the set {T£(t + a) : 
a € ¥ q } contains q distinct elements, if p does not divide n. Since t q " — t is 
invariant under translations t + a, for o € ¥ q n, this shows that Qfc(i + a) will 
define q distinct points on E tq n_ t ; proving that these curves have at least 
Q T odd( n ) Frobenius orbits of points with Fq-polynomial coordinates. Finally, 
let us point out that Qk(at) defines an F g -porynomial point on the curve on 
a{t qU — t)y 2 = x 3 — x, for every a € F*. 

At first it seems that the above reasoning could also be used to construct 
arbitrarily many oo-integral points on the the quadratic twist (t qn — i)y 2 = 
x 3 — 1. Unfortunately, Example 12.71 showed that in this case, our general 
procedure fails to construct non-constant rational points. This fact, a com- 
puter search and Theorem 11.141 lead us to believe that this curve does not 
have any non-constant polynomial point. We will use the next section to 
prove Theorem II. 141 

2.3. Quadratic Twists. Let A(t) be a square free polynomial of odd degree 
d > 1 and let E : y 2 = f(x) be an elliptic curve, both defined over a finite 
field of order q. We will denote by Ea ■ A(t)y 2 = f(x) the quadratic twist 
of E by A(t), which we view as an elliptic curve defined over ¥ q (t). 

Lemma 2.15. Suppose (F,G) = (F(t),G(t)) is an oo-integral point of Ea 
satisfying F'(t) ^ 0. Then G{t) divides F'(t) and d/3 < degF < d- 1. 

Proof. An oo-integral points (F(t),G(t)) induces an identity on ¥ q [t]: 

(2.3) A(t)G{t) 2 = f(F(t)). 

By equating degrees in this identity we obtain the lower bound on degF, 
namely: d < 3 deg F. Now by differentiating equation (|2.3[) we are led to 

(2.4) A\t)G(t) 2 + 2A(t)G(t)G'(t) = F'(t)f'(F(t)). 

Let (3 be a root of G{t) of multiplicity r. By (|2.3p . we have that (t — f3) r 
divides f(F(t)), and by (23]), we conclude that (t-/3) r divides F'(t)f'(F{t)). 
Notice that (t — (3, f'(F(t))) = 1, since f(x) has no repeated roots. Hence 
(t — (3) r should divide F'(t) and, as a consequence, G(t) divides F'{t). From 
that it follows that degG < degF — 1. 

After equating the degrees in f|2.3|) and using the last inequality, the upper 
bound on deg F is obtained. □ 

Suppose f(x) = (x — (Xq)(x — a\)(x — 02)- If we denote F(t) — at by Fi(t), 
for i G {0, 1, 2}, then we will have that f(F(t)) = F (i)iq(i)F 2 (£) and F t is 
relatively prime to Fj, for any pair of distinct i, j £ {0, 1, 2}. Equating the 
degrees in (I2.3h , we obtain that deg Fi (t) = d mod 2, where d is the degree of 
A(t), which is assumed to be odd. A closer look at the equation (12. 3j) shows 
that (A(t), Fi(t)) = Ni, for some non-constant polynomial Ni(t). Therefore 
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we can write Fi(t) = Ni(t)Si(t) 2 , for some polynomial Si(t). Note that 
G(t) = S (t)S 1 (t)S 2 (t) and A(t) = N (t)N 1 (t)N 2 (t). 
The above considerations imply that 

(2.5) {a , on, a 2 } = {F(fi) : f3 a zero of A(t)} 

so that if A(t) is a polynomial splitting completely over ¥ q , then we may 
assume that a.{ G F g and Fj € F g [t] . 

Theorem 2.16. Suppose A(t) is a square-free polynomial of odd degree d 
that splits completely over ¥ q such that A'(t) = 7 G F*. Let E : y 2 = fix) 
be an elliptic curve defined over¥ q . Suppose (F(t),G(t)) is an co-integral 
point of Ea defined over ¥ q satisfying F'(t) ^ 0. Then the following three 
conditions are equivalent: 

(A) 2degF(t) < d- 1; 

(B) 2degG(t) < degF(t) - 1; 

(C) G(t) 2 = l3F'{t), for some (3 G ¥*. 

Furthermore, if one of the above equivalent conditions is true then E is 
isomorphic over ¥ q to ay 2 = x 3 — x, for some a G F* 

Proof. Prom (|2.3p . we know that d + 2degG(t) = 3deg-F(t), and from this 
it easily follows that (A) is equivalent to (B). It is also clear that (C) implies 
(B), so all we need to show is that (B) implies (C). 

Let Si = degSi(i). Without loss of generality, let us suppose that 

(2.6) s > si > s 2 > 0. 

Equation (|2.4I) now reads (For convenience, we will sometimes drop the t 
from the polynomial notation.): 

-fG 2 +2N N 1 N 2 S S 1 S 2 (S' S 1 S2+SoS[S2+SoS 1 S f 2 ) = F' (FqFi+F F 2 +FiF 2 ) 
since F' = F-. Equivalently, 

^G 2 +2N SoS' F 1 F 2 +2N 1 S 1 S' 1 FoF 2 +2N 2 S 2 S 2 F F 1 = F , (F F 1 +F F 2 +F 1 F 2 ). 

Let k] = {0, 1, 2}. We have that F^Fj = (q^ — cti)(ak —ctj) mod Ff~, 
by definition. If we let 0^ = ^" fc gilfefe a i) then the last equation is equiva- 
lent to 

G 2 + 2(3 k N k S k S' k = (3 k F k mod F k 

and since 

(2.7) F' = F[ = NlS 2 + 2^^' 
we finally get 

G 2 = l3 k N' k S 2 k mod ft. 
It is clear that deg(A^S^) < degft = degF. Therefore if (B) is true, we 
will get degG 2 < degF; and ultimately, we will obtain 

(2.8) G 2 = (3 k N' k S 2 
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for k G {0,1,2}. 

Now consider {i,k} = {1,2}. Multiplying <\2.7b by and using (|2.8j) . we 
obtain 

fcF' = G 2 + 2p i N i S i S' i . 
Lemma T2.15I implies that G divides 2[3 i N i SiS' i , so 

SoSMNiS'i 
since (SoSk,Ni) = 1. This in turn will imply that 

SoSk\2(3iS[. 

Assume that S[ ^ then 

Si < So + S k < Si - 1 

where the first inequality follows from (|2.6|) . This clear contradiction shows 
that for * = 1,2, S[ = and Ft = N^Sf. Therefore 

G 2 = fcNlSf = faFl = PiF' 

which proves that (A), (B) and (C) are all equivalent. 

To show the second part, let us assume that either one of the equiva- 
lent statements (A), (B) or (C) is true. Then the above work shows that 
necessarily f3 = (3\ = since F' ^ 0. 

By working with F(t) + <xq, we may assume that ao = 0. Therefore 

ai(ai-a 2 ) a a a 2 (a 2 - a%) 

= Pi = P2 = 

7 7 

and so a\ = a 2 - Hence a\ = —02, since a, are all distinct. 

This shows that E is isomorphic over ¥ q to y 2 = x 2 — a 2 x, for a = a 2 - □ 

Proof of Theorem \1.14\ The "only if part is essentially Theorem 12.131 and 
Remark EH 

Observe that t q —t together with the conditions imposed on F(t) satisfy 
all the hypothesis of Theorem 12.161 then by applying this result we obtain 
the desired isomorphism. Let us prove that p = 3 mod 4. 

Recall that a curve is said to be supersingular if its Jacobian variety is 
isogenous to a product of supersingular elliptic curves. The curve s 2 = t q —t 
is supersingular, since it is covered by the hermitian curve v q +1 = u q — u, 
which can be shown to be supersingular from the work of Shioda & Katsura 
[SK79]. Hence s 2 = t q — t is a supersingular hyperelliptic curve with a map 
to E. So E has to be supersingular. Now ay 2 = x 3 — x is supersingular only 
if p = 3 mod 4, see [Sil92]. □ 
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2.4. Cubic and Quartic Twists. Theorem 11.121 can be interpreted as 



showing that the family of quartic twists y 



(t q — t) x has at least 



as many separable oo-integrals as the number of odd divisors of n, whenever 
q = 3 mod 4. When q = 2 mod 3, the same is true for the cubic twists 
y 2 — y = (t q — t)x 3 . Notice that the congruence conditions on q is equivalent 
to the supersingularity of the considered curves. 

In this section we will construct other quartic twists of y 2 = x 3 — x, as 
well as cubic twists of y 2 = x 3 + 1, with many oo-integral points; but only in 
the supersingular case: when q = 3 mod 4 and q = 2 mod 3, respectively. 
More precisely, we will be working with the surfaces described in Examples 
12.41 and 12.51 for a suitable choice of s and d. 

In these examples we showed that there exists a rational map from the 
surface Xff + X\ S = Xlf + Xlf, where i = 2, 6 depending on whether we have 



a quartic or a cubic twist. When s = d = mod 4 (i 
mod 6 (i = 6), we obtain the rational maps 



(2.9) (X ,X 1 ,X 2 ,X 3 ) 
and 



Y 2 V 4, . V 2 V 4, . V 

A l A 3 • A A l • A 3 



2) or s = d = 



X2 

'x 3 



(2.10) 



(X ,Xi,X2,X 3 



s/3 yd/6 _ y-s/2 







X, 



d/2 



X2 

'x 3 



from the surface S : Xq + Xf = X^ + X$ to the surfaces y 2 z 



-x 3 + (t d + 



l)xz and y z 



+ (t + l)z , respectively. 



As we have noticed before, if s divides d then (t d / s , 1, t, 1) is a rational 
curve on S. What the next results will show is that when we specialize to 
the case s = q k + 1, d = q n + 1, and r 
other non-trivial rational curves. 



11 i I 

qk+1 integers, S will have many 



Lemma 2.17. Suppose A 



a 



G M 2 (¥ q ) is such that A 1 A 



h, 



c d j _ ..^g 

Then for any non-negative integer k, the identity 

(aX + bY) qk+1 + (cX + dY) qk+1 = X qk+1 + Y qk+1 
holds over¥ q [X,Y]. 

Proof. This follows from the fact that X qk+1 + Y qk+1 is a binary hermitian 
form over ¥ q . □ 

Remark 2.18. Observe that the matrices satisfying the hypothesis of the 
previous lemma forms a group 0(2), the orthogonal group. So this lemma is 
showing that 0(2) acts on the Hermitian Fermat surface of degree q + 1. 
In fact, one can show a lot more [Shi88]: over F 2k, the group of automor- 
phisms of such a surface is the projective unitary group, PU(4, q k ) = {(a^) G 

k 

GL4(F 9 2fe) : (aij) t (a1j ) = {scalar s}. 
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Corollary 2.19. Let S be the surface xf +1 + xf +1 = xf +1 + xf +1 de- 
fined over F q . Suppose r = is an integer. Then for any two orthogonal 
matrices A and Aq, the curve (at r + b, ct r + d, a^t + bo, cot + do) is contained 
in S. 

Proof. Take X = t r and Y = 1 in the previous lemma to obtain 

(at r + b) qk+l + (ct r + d) qk+l = (t r y k+1 + i qk+1 = t q " +1 + 1. 

Another application of the previous lemma, with X = t, Y = 1 and k = n, 
we obtain 

(a t + &o)« B+1 + (c t + doY n+1 = (ty n+1 + i* n+1 = + 1. 

□ 

The next result is an adaptation of an example due to Shioda [Shi91], and 
provides results similar to the ones obtained earlier, with only one difference: 
the quartic twist of y 2 = — x with many oo-integral points cannot be 
obtained as a quadratic twist. 

Theorem 2.20. If q = 3 mod 4 and n is odd positive integer then the 
curve y 2 = x 3 — (t q +1 + X)x has at least r(n) oo-integral points, where r(n) 
is the number of divisors of n. If q = 2 mod 3 then the same is true for 

y 2 = x 3 +t? "+l + 1 

Proof. Let k be a divisor of n. Then r = hexj will be an integer, since n is 
odd. 

If we assume q = 3 mod 4, then q k +l = q n +l = mod 4. Consequently 
there exists a rational map from the surface S defined in Corollary 12.191 to 
the surface y 2 z = —x 3 + (t qn+1 + l)xz 2 , see (|2.9p . 

Now choose an orthogonal matrix A = f ° ^ ^ G M2(¥ q ) with cd ^ 0, 

and let Aq = I2 be the identity matrix. From Corollary 12.191 we obtain the 
rational curve (at r + b, ct r + d, t, 1) C S, whose image under the rational 
map (|2.9p is the section 



(cf + d)— : (at r + b)^{ct r + d) 4 : 1 
This in turn generates the point 

q k + l o fc + l q k + 

- [cf + d) — ,{af + b) — [cf + d)~ 

on the curve y 2 = x 3 — (t qU+1 + l)x. The binomial expansion of the first coor- 

q k -i 

dinate will produce the monomial — cd 2 t r /2, therefore we obtain different 
points for distinct divisors of n. 

In the case q = 2 mod 3, we obtain the section 

, t q k + 1 , r , s i k + 1 , 
(cf + d) 3 : ( a f + : 1 
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as the image of the curve (at r + b, cf + d, t, 1) C S under the rational map 

flgTop . So 

(-(rf r + tO a ^,(at r + 6) a ^ 1 ) 
is an oo-integral point on the curve y 2 = x 3 + + 1. The binomial 

q k + l 

expansion of —(ct r + d) 3 shows that these points are distinct for distinct 
divisors of n. □ 



3. Lang-Vojta conjecture 

As discussed in the introduction, the work of Abramovich [AV96] shows 
that the Lang-Vojta conjecture over a number field L implies that the num- 
ber of S-integral points on the universal family of quadratic twists of an 
elliptic curve is uniformly bounded. In this section we will provide a proof 
of the analogous implication over F g (i), but first let us recall the definition 
of a log-general type variety: 

Definition 3.1. Let X be a quasi-projective variety over C. Let / : Y — > 
X be a proper, birational morphism where Y is a smooth variety (that is, / 
is a resolution of singularities). Suppose Y C Y± is a projective compactifi- 
cation, such that Y\ is smooth and such that the reduced variety D = Y\\Y 
is a divisor of normal crossings. Then X is said to be of log-general type if 
the divisor Ky 1 + D is big, that is, for some m the complete linear system 
\m(KY 1 + D)\ defines a birational map to the image. 

Theorem 3.2. Suppose E\ : y 2 = f(x) = x 3 + ax + b is an elliptic curve. 
Then K, : z 2 = f{x\)f{x2) is a log-general type surface. 

Proof. See [Con08]. □ 

We will use this theorem to prove the uniformity of separable oo-integral 
points on quadratic twists. 

Proof of Theorem \1.10L Let K, : z 2 = f(x\)f{x2) be the singular Kummer 
surface associated to E\ x E\. As stated before, K, is a log-general type 
variety, so if Lang-Vojta's conjecture is true, the set of separable oo-integral 
points of JC are not Zariski dense. In other words, there must exist a polyno- 
mial g(X\,Xi, Z) with oo-integral coefficients and prime to Z 2 — f {X\) f (X?) 
such that all separable oo-integral points in /C are contained in 

r z 2 = f(x 1 )(fx 2 ) 

\ g(x 1 ,x 2 ,z) = 

By substituting z 2 = f{x\)f{x2) in g, we can find polynomials go = go(x\,X2) 
and g\ = gi{x\,X2) such that the separable oo-integral points of /C satisfy 

50(^1,^2) +9i{x 1 ,x 2 )z = 

Notice that the polynomials go and g\ cannot be both zero, otherwise g 
would be divisible by Z 2 - f{X 1 )f{X 2 ). 
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Let <f) : Ed x Ed — ► K, be the morphism defined by 

{xi,yi,x 2 ,y 2 ) 1 — ► (xi,x 2 ,dy 1 y 2 ). 

This morphism commutes with the Frobenius endomorphism. It follows 
that P is a separable point of E& x Ed if, and only if, (j)(P) is a separable 
point of K,. In particular, the separable oo-integral points in Ed x Ed are 
mapped down to separable oo-integral points in /C. Therefore the separable 
oo-integral points in Ed x Ed satisfy 

9o{xi,x 2 ) + gi(xi,x 2 )dyiy 2 = 

Now fix d 7^ and a separable oo-integral point (xo,yo) G Ed such that 
goO^o, -Xi) and gi(a?o, -Xi) are not both identically zero as polynomials in X\. 
Assume further that j/o 7^ 0- Then for any other separable oo-integral point 
(x, y) G E d we can find polynomials g (X), g x {X) with deg# , deg < deg# 
such that 

%{x) +9i(x)y = 0. 
Suppose g~i(x) = 0, then <7o( x ) = 0- So there's a polynomial with 
degh < min{degg , deg^} < deg^ such that h(x) = 0. Hence 

\{x\(x,y) G < 2deg 5 

and this does not depend on d. 

If <?i(x) 7^ then y = — g Q (x)/'g 1 (x). Substituting back in the equations 
of Ed, we have 

d (^M) 2 = f(x) 

V 9i(x) ) 

and this implies that 

f(x)g 1 (x) 2 -dg (x) 2 = 

Therefore x satisfies a polynomial equation of degree at most 2 deg g + 
3, which means that the number of integral points in Ed is bounded by 
4 deg g + 6, which once more does not depend on d. □ 



Now we will prove that a similar result holds true for the universal family 
of cubic twists. But this time we will follow very closely the ideas and 
notations on [Abr97]. 

Let 7T : X — ► B be a family of smooth irreducible curves over a field K. 
Let us denote the n-th fibered power of X over B by 7r ra : X^ — ► B and 
for some V C X(K), we will denote its n-th fibered power by V% C Xg, 
and by Vb the points of V on the fiber 7r _1 (6). Under this assumptions, 
following [CHM97], Abramovich proved: 

Lemma 3.3. Let X — ► B and V be as above. Suppose that there exists 
an integer n > 1 such that C F, for a Zariski- closed subset F C Xg. 
Then there exists a dense open subset U C B and an integer N such that 
for every b G U, we have \Vb\ < N. 
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Proof. See [Abr97]. □ 

Remark 3.4. A subset V C X{K) satisfying the hypothesis of the lemma 
is said to be n- correlated. 

Proof of Theorem \l.ll[ There exists a closed subset Uq C A 1 such that for 
all d £ B := K 1 \Uq, is an ellipic curve. Therefore X — ► B is a family 
of smooth irreducible curves. 

The association ((xi,yi), (0:2,2/2), (x 3 ,y 3 ), t) 1 — > {yx,y_2,yz,txix 2 x 3 ), de- 
fines a dominant map from A|j to the hypersurface H C A 4 defined by 
the equation u? = (x 2 — x)(y 2 — y)(z 2 — z). This maps commute with the 
Frobenius endomorphism; therefore it will send separable oo-integral points 
on Xg to separable oo-integral points on H, whenever d is oo-integral. As- 
sume for a moment that the set of separable oo-integral points on H is not 
Zariski dense. Then this map proves that the set of separable oo-integral 
points on X is 3-correlated. From Lemma 13. 3\ we can find a dense open 
set U C B and an integer N such that |A d (F g [t])| < N , for d £ U. Let 
{di, . . . ,d u } = B\U. We can apply isotrivial Siegel's theorem to conclude 
that |A d .(F)| = Ni < 00, for i = 1, . . .u. Therefore 

\X d (0 K ,s)\ <N:= max{A , N\ , . . . , N u } 

for all d G B. 

Hence, we are able to find a uniform bound for the number of separable 
oo-integral points on the family of cubic twists of y 2 — y = x 3 , if we can 
prove that separable oo-integral points in H is not Zariski dense on H. By 
assuming the Lang-Vojta conjecture the last statement will be true, if we 
can show that H is a variety of log-general type. This is the content of the 
next lemma. □ 

Lemma 3.5. -u 3 = (x 2 — x)(y 2 — y)(z 2 — z) is a log-general type variety. 
Proof. See [Con08]. □ 



4. Explicit sets of linearly independent 

We will use this section to prove that the points given by Theorem 12.131 
are linearly independent. But first let us recall some classic results on elliptic 
curves over function fields. 

Let E be an elliptic curve defined over a finite field k and let L = k(C) 
be the function field of a curve C. It is not hard to show that the Mordell- 
Weil group of E(L) and Morfc(C, E) are isomorphic, where Morfc(C, E) is 
the abelian group of morphisms from C to E. Moreover, the torsion group 
of Mor k (C,E) is the set Mor° k (C,E) of constant maps, which is equal to 
E(k) under the above isomorphism. 

Let us take a look at the case where C is an hyperelliptic curve defined 
over k. Suppose C is given by the equation s 2 = A(t). As before let 
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Ea ■ A(t)y 2 = f{x) be the quadratic twist of the elliptic curve E : y 2 = f(x) 
defined over k. Define a group homomorphism T : EA(¥ q (t)) — > E(L) by 

(4.1) P = (F(t),G(t)) 4 P (8,t) := (F(t),sG(t)) 

using the above isomorphism between E(L) and Morfc(C, E). So to prove 
that {Pi, . . . ,P n } C ^^(Fq^)) is Z-linearly independent, it is sufficient to 
prove that {T(Pi), . . . ,T(P n )} C E(L) is Z-linearly independent. This is 
exactly what we will be using in the proof of the next theorem. 

Theorem 4.1. The points {Qi}i<i< n given by Theorem \2.13\ are linearly 
independent. 



Proof. By (J4JJ), for every Q k we may associate a map 4> k '■ C — ► E defined 
by <f>(t,s) = (F k (t),sG k (t)), where Q k = (F k ,G k ). Since B 4 (F) is an ¥ q - 
additive polynomial, it follows by direct calculation that there exists (3 G ¥ q 
such that F' k = (3G\. Let to = dx/y be the invariant differential of E and 
let to' be the non-zero differential dt/s on C. So 

,* (: , d4>j{x) _F' k dt _ , 

This shows that the set {(p k (<^) /(^'}keD(n) ^ s linearly independent. Our 
result follows from an application of the next lemma, which roughly says 
that if the pullback of differentials is linearly independent, then necessarily 
the maps have to be linearly independent. □ 

Lemma 4.2. Let C be a curve and E be a supersingular elliptic curve, 
both defined over ¥ q . Let uj and oj' be non-zero differentials on E and C , 
respectively. For any set {<pi}™ = i C Mov k (C, E) we can associate a set 
{®i}i=l C K, where <I>i = <fif(u)/u' and K = ¥ q (C) is the function field 
of C . If {<&i}f = i is an ¥ q -linearly independent set then {0j}™ =1 is a set of 
TL-linearly independent morphisms in Moi k (C, E). 

Proof. Suppose, by contradiction, that there exists a non-trivial Z-linear 
combination Yl7=i a *<^ = O anc ^ ^ P 3 ^ e * ne largest power of p that divides 
ai, for all i = 1, ...,n. Hence 

The p-torsion group of a supersingular elliptic curve is trivial, therefore we 
can conclude that = O is a Z-linear combination with at least 

one of its coefficients prime to p, say ao/p 7 - Let us write bi = ~. 

Since the pullback of differentials is an F^-linear map (ft* : — ► 
between the space of differential forms of C and E, we will have 



0= (u/)= J>MH 
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and so 

n 

By hypothesis, {3>j}i=i is linearly independent, therefore we have b* = 0, 
for all i. This means that for all i, p divides bf. a contradiction to the fact 
that p is prime to b$. □ 

Remark 4.3. Notice that the same proof holds if we work with the cubic 
twists A{t)x 3 = y 2 — y and q = 2 mod 3. 

Our results is far from best, in the sense that our proof shows that the 
rank will grow very slowly, in the order of Toddin). In fact, the Mordell-Weil 
rank of the considered curves are in the same order of growth of q n /2n, as 
can be shown by [TS67]. 



5. Function fields with large ?tj-class rank 

Suppose that K = ~F q {C) is the function field of a curve C with one point 
at infinity. In this case we have that 01(0*) ~ (Pic°(C))(F 9 ) = Jc(F 9 ), the 
Jacobian variety of C . 

Proof of Theorem \1.15[ Let us consider the elliptic curves described in 
Theorem 12. 131 As we have observed before (Theorem 14. ip . the separable oo- 
integral points Qi G (t q ™ — t)y 2 = x 3 — x yield T dd(n) linearly independent 
morphisms defined over ¥ q from C : s 2 = t q — t to E : y 2 = x 3 — x. This, 
in turn, induces the following isomorphism Jc(F g ) ~ E T ° dd ^ n > x A, where A 
is an abelian variety over ¥ q . Since E(¥ q ) ~ Z/2Z x Z/(2i-)Z, for q = 3 
mod 4, we have 

01(0*) ~ Jc(F g ) ~ (Z/2Z x Z/((g + l)/2)Z) r ° dd(n) x A. 

Therefore for any positive divisor m of q+1, we have that (Z/mZ) T °' 1 ' 1 '"' C 
01(0*), and so the m-rank of the function field of the curve s 2 = t q — t is 
at least r dd(n), which can be arbitrarily large. 

When q = 2 mod 3, a similar argument works for the function field of 
the curve s 3 = (t qn — t). □ 
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